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BOUNDARY-VALUE PROBLEM OF DYNAMIC GEOMETRICALLY
NONLINEAR ELASTICITY

V. D. Bondar’ UDC 539.3

The linear theory of elasticity does not provide the accuracy necessary in a number of important elastic problems,
and one of the existing nonlinear theories is used in its place. The nonlinearity of these theories is connected not only with
the law that governs the mechanical behavior of the material (physical nonlinearity), but also with the dependence of the
strains on the gradients of the displacements (geometric nonlinearity). Here, we examine a two-dimensional dynamic problem
in the Novozhilov variant of geometrically nonlinear elasticity. We derive equations in stresses and rotations, represent these
quantities in terms of potentials, and construct equations for the potentials.

We show that there is an interaction between expansion—compression and shear waves in the material when allow-
ance is made for nonlinearity. We identify a class of solutions to the equations of motion that contains two arbitrary functions
and show its application to the solution of the boundary-value problem of the stress distribution in a semi-infinite elastic
medium during the motion of a pressure pulse along its surface.

The nonlinear model of elasticity proposed by V. V. Novozhilov [1] is described by equations of motion, Hooke's
law, a special nonlinear relation linking strains with extensions and rotations, and equations expressing the latter in terms of
displacements:

p(f —u,) + divP =0, p = const,
P = 2e,G + 2ue, ¢, = tre, )
2e = 2e + ww, 2¢e =Vu +uV, 2w = Vu — uV.

Here, u and f are the displacement vectors and the densities of the body forces; G, P, ¢, e, w, Vu, and uV are the metric
tensor and the tensors of the stresses, strains, extensions, and rotations, the displacement gradient, and the transposed
displacement gradient; p, N, and u are the density of the material and the Lamé constants.

Model (1) was obtained in the long-wave approximation with the assumption that the small rotations occurring in the
material may be considerably greater than its small extensions. Thus, the squares of the former will be comparable in
magnitude to the latter. Such a situation might be realized, for example, in flexible bodies or in bodies having cavities near
their internal and external boundaries.

System (1) generalizes the dynamic equations of the linear theory of elasticity, differing from these equations only in
the presence of the nonlinear term in the representation of the strains in terms of extensions and shears. In the case of a two-
dimensional problem, Egs. (1) appear as follows in the complex coordinates corresponding to the actual state z = x + iy, Z
= X — iy (%, y are cartesian coordinates)

3%y ap" . ap? 0
P ( az’) oz oz
Pl = P2 = et p= plt o 20 + u)e?,
T 1 @
el = ¢ = ol Moz l2 o 2y :(wzx)z,
= du wu  du — s u
eu=e22=2_=, 62!=e12____+__, w21=w12=-——-—=.
az dz 0z oz az

Novosibirsk. Translated from Prikladnaya Mekhanika i Tekhnicheskaya Fizika, No. 6, pp. 135-143, November-
December, 1994. Original article submitted January 27, 1994.

942 0021-8944/94/3506-0942$12.50 ©1995 Plenum Publishing Corporation



The complex contravariant components of the vectors and tensors in (2) are related to the cartesian components of the
corresponding quantities (designated by the same symbols as above, but with letter subscripts) by the formulas {2]

- 1 ol S —
u—u-—ux+iuv, u=uwo=u fu,

Y _ : 1
Pl=P -P +2P, P'=P +PF, 3)
wlt = 0, o = 0, Wt = Zk“,y-

We can use (2) to represent the displacement gradients through the stresses and rotations:

du
4y — =L
T3z A+

1 P
P+ 2,ucu“(l - Iw“), 4 _a% = pi, @)

The compatibility condition for these equalities gives us the compability equation for the stresses and rotation. This equation,
together with dynamic equation (2), forms a system of two complex equations for the complex and real stresses pll, P21 and

the purely imaginary rotation w?!:
apt 3 U 1 21 1 n
= —= |— + - ; (5)
4z az [l-#;tpz LS (l 4&) )}
2P21 2
_e¥ ey g2l L -0,a=4"
(A YR + 4 = + 4p P 0,A=4 pyrS: ©

(A is the Laplace operator).
Equations (4)-(6) allow the stresses, rotations, and displacements to be represented through the complex potential
function I(z, Z) = J; + iJ,. Equation (5) will in fact be satisfied if we put
3%
aza?

1) 4 az" M 1)21 + 2# 21 i ! 2 4
=4 — - —-w =
it G2 A 4+ u @ ( 4 )

We use this equation and (4) to express the stresses, rotations, and displacements in terms of potentials:

aJ, + i) A+ 1
R A Y LI ©)
P 4 o) , P p (a4, 8#(Alz) ):
i aJ aJ
ot = = ATy, pu = —= 4 -2
2u az 24 ®)

Having expressed the body force through the potential ¥ = ¥, + i¥, by means of the relation pf = 29¥/9Z and
having expressed the stresses with Egs. (7), we represent (6) in the form of the equation for the potentials:
i .2
s p o . A+ 1 .
4 po {(A -2 af) (U, + )+ =4, - &—(AJI)ZJ + 2V, + z‘Pz)} = 0.
This equation is identically satisfied if the complex expression in the braces is equal to zero, i.e. if its real and imaginary
parts vanish:

LR GG ary e 23w =0
—— —— — — + —— = ,
( cf atZ) b8 cf (87 cf !
1 & 2 _Arwm o, ®
(A-—cz af)12+2\112—0,c1— 5 G = o

2

Thus, for potentials satisfying Eqgs. (9), Egs. (7) and (8) give the solution of the equations of motion.
We can conclude from displacement equations (8) and potential equations (9) that the potential J; defines an expan-
sion—compression wave propagating at the velocity ¢, while the potential J, defines a shear wave propagating at the velocity

Co.
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Equalities (9) also show that the shear wave behaves in the same manner in the nonlinear medium as does a linear
wave. The shear wave acts on the expansion-—compression wave as a body force, which shows that there is some interaction
between the waves in a nonlinear medium [3].

Let us now examine the class of problems concerning the motion of a semi-infinite medium y = 0 without body
forces. Perturbations are propagated along the surface of the medium at a constant velocity ¢ parallel to the x-axis. In this
case, a steady state will exist in the corresponding coordinate system £, n, where £ = x — ct, 7 = y. As a result, we can
take J(x, y, t) = J(&, n). Accordingly, instead of the complex variables z, Z, t, we need only examine the complex coordi-

nates z;, Z; or z,, Z,. These coordinates are related to the previous complex variables and to one another by the relations
2

1 + 1 -8, _
z, =6+ By = ﬁlz+ zﬂlz—dyﬂi=l"§7’
1
1 +8 -8B, _ 2
22=§+1ﬂ2'7= 222+ 2Z-Ctﬂ2-l %, (10)
2
z =ﬂ1+ﬁ2 +ﬂ1‘ﬂ2— B, + 8, +ﬁ2_ﬁ1_

¥4 Z,2, = Z Z,.
2 2‘51 1 2/31 IS} Zﬂz 2 2'32 2

In the variables (10), the differential operators figuring into (7)-(9) have the form

A=(1-p iz—+—ai +2(1 + 8
==z | A A aazl
2 2
1 —ﬂi)[—"—z + 5 +20 + i
.
1S =0-A) +(1+ﬂ)-2+2<1 ) s
2
= (=B +(1+ﬂz) L+ 201 - ﬂi);,z—;, (11
2
A 1 _ - 2 2 5 2
—cla ﬂlazaz ® - ﬂ;) 2+ _2 + 20, +ﬁ2)a 8z
N ) o P
c: at 232 32 ) zy az1 az az
2E= (=Bt AR == B) ()
2 2

so that the potential equations (9) (with ¥, = ¥, = 0) take the form of the Laplace and Poisson equations

&I, i w 1 ,62 B
=ua ) 2

- = ’ — y W= 2
9z,9z, dz,dz, I 32’81

(AT (12)

The below formulas give the general solutions of Egs. (12) in terms of arbitrary analytic functions F,(z;) and F,(z,)

and the particular solution F(z;, Z,) of the second of these functions
2

- 1+ 5 -
Jz(zz»zz) = _ZE;- [FZ(zz) - Fz(zz) l’

: 13)
T(zp2) = 7 F(zpz) = Fi(z) — F|(z)-

Assuming that at |z;| - o |w| = O(1/|z;|*9), & > 0, and allowing for the expressions of the function J, and
operators (11), we can represent the particular solution in the form of an integral over the region S occupied by the elastic

body [4]:
Fei) = 2 f [ w B In |2, - 5|dE'd@Ba). 7, = & + B,
5
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w=t[ImF' ()P = t[ImF'(z,z)F, 1 = (1 - B) e
2

By virtue of (7)-(8) and (11), potentials (13) correspond to the following complex stresses, rotation, and displace-

ﬁ_;;‘/ﬁ[l”;}'. (14)

ments:

1
P = “0Re[(B ~ BYIF"\(2) — 5 ., I} + (B + B) & ImF () F,
1
P! = —2Re{(1 + BYIF" () - PRI
+ (1 + ﬂi)p"z(zz) - (1 - ﬂ?);‘r- [ImF’,2(22) ]2}
. re ! a pg)z
+ 41]m[,31|F () - I F’lzl] + T
-8,
3,

Fr iz (15)

uw® =1 Im F” (z,),

2
2

4 l 1 + ﬂ "’
pu = —Re{F (z) - ;le + 3 Fz(zz)}

2
2

%,

i i
+ ilm{ﬁl[F'l(zl) ~aF T F’Z(zz)}.

Here, in accordance with (14), the derivatives of the particular solution have the form

1 wE B 1 w& B’
o= = [ [ dwd@a k= -5 [T S5 dgdBa)
s z', z, 1 5 (z 1 - z[)

B !

with the integral in the second equation being regarded as the Cauchy principle value. We can obtain expressions for the
cartesian components of the quantities by separating the real and imaginary parts of Egs. (3) and (15) and solving the
resulting system of equations for the stresses. This gives us

t
P, = —Re{(l + 28] = B)IF(z) - ; F,, |

+ (1 + BRI+ (1 - 28 - B) 5 [Im () T

I
P, =(1+BRe{F (z) ~ o F,, + F(z)} - (1 + ,sg)ﬁ [(Im F(z,) ¥,

P =1m{2B,IF!(z) - = F PR )
P JFY(z) PRERH 28, HEAIN (16)
-6,
Bo = 3, 2 Im F'' (2,),
1 1+ B
pu, = —Re{F' (z) - /-‘-le + 2 F'(z))

2
2

1 1+
nu, = Im{B,[F (z) - n F‘ll + F'y(z,)}.

%,
These formulas establish a class of exact solutions of nonlinear dynamic equations of elasticity that depends on two
arbitrary analytic functions F;(z;) and Fx(z;). These functions are found from the boundary conditions.
As follows from (16), the generalized displacements and rotation (U, = pu,, U, = puy, O, = pw,), as the
stresses, are determined through the above potentials and are thus finite. Let Ly and Py be the characteristic length and
characteristic stress and let o = Pg/p be the characteristic dimensionless stress. We relate the quantities being examined to

the corresponding dimensionless quantities (denoted by asterisks) on the basis of the formulas
= Loz)" Ux=LorPoU:- P .= Pop;' Q = POQ;,

. ' * v __ A - —_
F'y = LPF'|, F''y = PF", le = L(,P;F:l, Fzﬂ = P(lejlzl
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and we insert them into (16). It then becomes apparent that the dimensionless quantities will also related to each other by
equalities of the form (16), the only difference being that the multiplier 1/u is replaced o.

If the modulus of the dimensionless functions is assumed to be finite and the parameter ¢ very small compared to
unity, the terms containing o in the dimensionless relations can be ignored because of their smallness relative to the other
terms. We obtain an equivalent result if we ignore terms with the multiplier 1/u in the right sides of dimensionless relations
(16). If we do so, these relations take the form

P, = ~Rel(l + 28] = BYF"\(z) + (1 + BYF ()},
Po= (1 + BDRe(F" (z)) + F'(2,)),
(L +B8 1 -
Zﬂzz F 2(22)}v Ho = 4[32 2 ImF”z(zz),

+ 3 I+ B

5 Fy(z)h, pu, = Im{BF' (2} + 2,

P =1m (28, F" (z) +

1
Hu, = -RE(FII(ZX) + Flz(zz)}s

which agrees with Radok’s solution [2] of dynamic equations of linear elasticity. Thus, the results of the linear theory follow
from the results of the nonlinear theory for very small o, i.e. for characteristic loads that are considerably below the elastic
constant of the material.

To illustrate the use of Egs. (16), we will examine the stress distribution in a semi-infinite two-dimensional elastic
medium y = 0 due to the uniform motion of a pressure pulse along the boundary y = 0 at the velocity ¢. Having directed
the x-axis along the boundary in the direction of the motion of the pulse, we take boundary conditions having the form

P, = 0.p, = ~Re H(x —c)on y = 0. (17)

Assuming that n = 0 in the equation for P, in (16), we find that the first condition of (17) is satisfied if we take

ey - Lp o LAY
F' (&) - ;Fu + B, F &) = 0.
The last equality will be satisfied if the following relationship exists between the arbitrary functions over the entire region:
. 1 a+8r
@) = g hie = =g £

Thus, stresses (16) are determined solely by the function F",:

1+ g
P = (1 + Bt + 28 - B) Tﬁffke F(z)

~ Re F'(z)} + (1 - 28, - B) z(Im (2,

. gy . e (18)
P” = (1 + ﬂz){Re F"z(zz) — 4ﬂ1ﬁ2 Re F 2(21) - ;(Im F 2(22)) },
(1 +8)
P, = —"'—‘2522 {Im F'(z,) = Im F”z(zl)}.

When Eq. (18) is used for the stress Py, the second condition of (17) leads to a nonlinear boundary-value problem
for the analytic function Fy:

mRe F'' (§) + n(Im F"' (£))* = Re H(§),

2
N Y T = M ey (19)
m_(l+ﬂ2) 4ﬁlﬂ2 ’n_(l—ﬂz) 2u

#b,

In accordance with the above, the stress field and the boundary-value problem for the potential in linear elasticity
follow from (18) and (19) if they do not contain any terms that include the multiplier 1/u. In this case, boundary-value
problem (19) becomes linear [2].
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If we relate analytic function F'y(z,) to complex function &(z;, Z,) = &, + i®, by means of the expressions

1 - K - ., ! -
Re Fy(z) = —®y(z,2)) = P2,z Im F'y(z)) = — Py(2,,2),

Lk —— 20
F'(z) = ;;(D(Zz’zz) + am (P(2,2,) = ¥(2,,2,))" k= 7"—2’

then, as follows from the condition of analyticity of F"z(zz) (32213"2(22) = () and boundary condition (19), this function
satisfies the linear boundary-value problem for the quasilinear equation:

oP -~ 4D D
—= - y(P,P)==0,y =
dz az

2 @D
Re ®(§) = Re H(§) onp = 0.

It follows from (16) and (20) that the quantity ®, entering into vy is proportional to the generalized rotation:

4,
%= R %

Since generalized rotations are assumed to be finite quantities in the theory being discussed, only the finite solutions of Eq.
(21) have meaning in a mechanical sense. Since |y | < 1 for these solutions, Eq. (21) is of the elliptic type [5]. Thus, if
a finite solution is found for problem (21), then Eq. (20) determines the analytic function F"z(zz). The latter in turn deter-
mines the stress field from Egs. (18).

Let use examine an approkimate solution of the nonlinear boundary-value problem for potential (19) that corresponds
to a weak pressure pulse: Py << g (6 << 1). Proceeding on the basis of the expressions

(F')' = Re F' )" — (Im F'))* + 2iRe F'lm F",,
(Im FUZ)Z - (Re F112)2 - Re(Fuz)Z’

we represent problem (19) in the form

3=

Re F,(8) + al(Re F/,(6)) = Re(F",(§))'] = Re h(®), a = — h = @2)

Written in dimensionless form, this equation contains the small dimensionless parameter
2
ap_aﬁi"ﬁ;l"*ﬂz 1"ﬂ;
° 2 4B (B - B

which corresponds to the small dimensional parameter o. We represent the sought potential F'5(z,) and the expressions in
(22) that it determines in the form of expansions in the small parameter:

F', =g, +ap, +a’p, +..,ReF', =Rep, + aRep, + a’Rep, + ...,
(Re F' ) = Reg,)* + a2Re pRe ¢, + a’(2RepRep, + (Rep)))) + ..., ©3)
Re(F",)* = Re(p)) + aRe(2pp)) + a’Re(2pqp, + )+ ...

If we substitute these expansions into (22) and equate the coefficients with identical powers of the parameter in the different
parts of the equation, we arrive at the following system of equations for the functions ¢,.

Rep, (&) =w, (&) v=0,1,2,.)on 7 = 0, (24)

where
w, = Re &;
w, = Re(pg) — Repy)’ = —(Im p )%
w, = Re(2pp,) — 2RepRe p, = —2Imp Imp,;
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Here, the zeroth approximation corresponds to the analogous boundary-value problem of linear elasticity. In the equation for
the v-th approximation, the right part is determined by the previous approximations and is therefore known. Thus, in
accordance with (24), each analytic function ¢,(z,) is expressed by the Schwarz formula for a half-plane [6] (with the
assumption that the function H(¥) is bounded and at | £ | — oo approaches zero no more slowly than 1/ | £ | €, e > 0):
w,(

1 (6)
p,(2) = ;f-é_—z;dg r=012.)

while the sought potential F"2(22) is expressed by series (23).
If we assign a rotation at the boundary in place of the second stress in (17), we can examine the boundary-value
problem
P, = 0, pow,, = Im A(x - cf),
where h(x — ct) is the boundary value of the analytic function h(z;). Then, as before, the first condition establishes the

relationship between the arbitrary functions F"l and F"z, which leads to Eqs. (18). These equations determine the stresses
through a single function F",. By virtue of (16), the second boundary condition becomes the condition for the function F"Z:

1-5
7 2Im F'y(¢) = Im h(§) on y = O.
This equation can be satisfied by taking the sought function proportional to h(z,) at all points of the regiony = 0:
X 4ﬁ2
Fz) = = ﬂ;h(zz).

The resulting function F', has the same form as when the given problem is solved within the framework of linear
g 2 g P
elasticity, since the rotation is expressed through F', in the same manner in each case.
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